Abstract -The concept of (deterministic) dynamical chaos is well established and studied by now. Its field theoretic essence, however, has been revealed only very recently. Within the topological field theory (TFT) of dynamical systems (DS's), all (stochastic, continuous-time) DS's possess topological supersymmetry and chaos is the phenomenon of its spontaneous breakdown. Even though the TFT of DS is free of approximations and thus is technically solid, it is still missing a firm interpretational basis in order to be physically sound. Here, we make a few important steps toward the construction of the interpretational foundation for the TFT of DS. In particular, we discuss that one way to understand why the ground states of chaotic DS's are conditional probability densities, is that chaotic DS's fail to "thermalize" some of their variables and thus never reach thermodynamic equilibrium, i.e., the defining assumption of the statistical physics approach that the ground state of the DS is a stationary total probability density.
Time evolution of a dynamical system (DS) is specified directly by its equations of motion. This is the most general formulation of dynamics as compared, for example, to the classical mechanics, where equations of motion follow from the least action principle. As a result of this generality, the applicability of DS theory in modern science ranges from social and biological sciences to Astrophysics.
For a natural DS, the time is always continuous and there is always external noise coming from its environment. In other words, natural DS's are described by stochastic (partial) differential equations (SDE's). Most of the efforts in the DS theory, however, were directed toward the idealistic deterministic dynamics. [1] In particular, there was no definition of dynamical chaos for natural DS's. Therefore, it was only intuitively that could we separate natural DS's on chaotic and non-chaotic ones.
A related topic is the mysterious chaotic long-range correlations that reveal themselves through such wellestablished phenomena and concepts as 1/f noise, butterfly effect or sensitivity to initial conditions, algebraic statistics of instantonic processes such as Barkhausen jumps, etc. These correlations emerge in seemingly unrelated natural DS's on all possible scales. Those include (a) E-mail: igor.vlad.ovchinnikov@gmail.com the brain, [2] earthquakes, [3] solar flares, [4] biological [5] and celestial [6] evolutions, financial markets, [7] glasses, [8] various nanometer scale devices [9] and many, many others. Thus, the understanding of the mathematical reasons why chaotic DS always exhibit long-range correlations was an important outstanding problem of modern science.
On the other hand, many important properties of deterministic chaos are well established by now. For example, it is a common knowledge that the onset of chaos is a phase transition that exhibits features of universality. [11] It is also known that chaos has a lot to do with topology: at the transition into chaos topologically ill-defined fractal attractors show up. The connection to topology actually goes deeper: fractal attractors in 3D consist of unstable periodic orbits with nontrivial linking numbers laying at the heart of "chaos topology". [12] A consistent theory connecting all these dots and establishing the topological nature of chaos, explaining the origin of the chaotic long-range correlations, and working just as well for stochastic DS's emerged only very recently. Based on the Parisi-Sourlas stochastic quantization procedure, [13] the approximation-free approach to (partial) SDE's dubbed the topological field theory (TFT) of DS's [14, 15] 1 showed that all natural DS's possess topologi-cal supersymmetry, chaotic behavior must be associated with its spontaneous breakdown, and the chaotic longrange correlations is the result of the Goldstone theorem. From the technical point of view, the TFT of DS is free of approximations and thus is solid. On the other hand, it is still missing an interpretational foundation that would provide the key ingredients of the theory with a clear physical meaning. In this Letter, we make a few important steps toward the construction of its interpretational basis. We show that the existence of the topological supersymmetry in all natural DS's is the algebraic representation of the fact that smooth dynamics respects the concept of boundary. We also discuss the physical meaning of "chaotic" ground states that are conditional probability densities. 2 We argue that such ground states are representatives of the situation when a DS can not reach its thermodynamic equilibrium because it fails to "thermalize" some of its variables. In these variables, the ground state is not a "density" and in order to make the probabilistic sense out of this wavefunction someone or something must know the values of these variables.
The story of the TFT of DS has two sides: the pathintegral, field-theoretic side [14] and the DS theory side. [15] Here, we choose the second approach because it is advantageous when it comes to the physical interpretation. Let us begin with the discussion of a deterministic step-like DS, i.e., a D-dimensional orientable manifold called phase space, X, and the map of X onto itself
The map has a very clear meaning: it takes a DS initially at x in and places it at
Objects that describe a momentarily state of a DS, especially in case of stochastic dynamics which is of the primary interest, are the generalized probability densities (GPD). In the coordinate independent setting, the GPD's are the differential forms [14] 
where ψ
is an anti-symmetric contravariant tensor of rank k, ∧ is the so-called wedge product, the essence of which is the antisymmetrization, e.g., dx
and Ω k (X) is the linear space of all differential forms of degree k, i.e., k-forms.
The GPD's are naturally coupled by integration to the (lower-)dimensional submanifolds in X called chains:
where
is the group of all k-chains. In this manner, the highest degree GPD, ψ (D) , has the meaning of the total probability density and p(c D ) = cD ψ (D) is the probability of finding tems see Ref. [16] . 2 The DS theory predecessor of such ground states is the SinaiRuelle-Bowen conditional probability function.
[27] GPD's of degree less then the dimensionality of X can be interpreted as conditional probability densities. In the example given, the so-called Poincaré dual of a 2-chain, c2, in a 3-dimensional phase space, i.e., the delta-functional distribution on c2 with the (only) differential in the transverse direction, can be straightened out by the appropriate coordinate transformation (arrow). As a result, one gets a deltafunctional conditional distribution P (z|xy)dz for z, provided the DS within the volume c D ∈ C D (X). For k < D, the GPD's can be interpreted as conditional and/or marginal probability densities [14] as given in Fig. 1b. The law of the "temporal" evolution of GPD's induced by map (1) can be found by taking the coordinate-free object from Eq.(2), writing it down in terms of x in , and then rewriting it in terms of x out using
Topological supersymmetry breaking: definition of chaos a formal coordinate transformation. 3 This leads to what is known as a pullback induced by M −1 :
coordinate version of which is
So far, we only changed the coordinate representation of a coordinate-free object -the differential form of interest. The actual change of the differential form comes with what could be called "time shift". In order to be able to compare what we had before with what we get after the time evolution we make a formal substitution x out → x in . As a result, the time evolution of a differential form is the pullback induced by the automorphism, M −1 . The next step is the generalization of the discussion to stochastic dynamics. Consider maps, M (ξ), that depend on some stochastic variables (noise), ξ, with a normalized probability distribution P (ξ), P (ξ)dξ = 1. We introduce now the generalized transfer operator (GTO): [17] 
which is the stochastically averaged pullback
The averaging here is legitimate because pullbacks are linear operators on a linear Hilbert space, which is the exterior algebra of X, Ω(X) = D k=0 Ω k (X), i.e., the linear space of all differential forms of all degrees. At this moment, it may become suspicious that the possibly highly nonlinear dynamics is described by linear operators. 4 The price we pay for the "linearization" is that the Hilbert space is infinitely more dimensional than the DS itself. One may now wonder whether this price might be too high and the introduction of the Hilbert space is an unnecessary complication. The answer is no because the probabilistic description is a necessity for the stochastic dynamics and/or the ergodic approach to deterministic dynamics.
It is already at this point that we can establish the unconditional existence of topological supersymmetry. Indeed, let us now introduce the exterior derivative also known as de Rahm operator,
One of its properties is the commutativity with pullbacks. In particular, (
each configuration of noise, ξ, in Eq.(6) so that the GTO also commutes withd:
By analogy with quantum mechanics, 5 the GTO must be identified as the finite-time evolution operator andd as a conserved quantity. From the group theoretic point of view,d is a generator of the Abelian one-parameter group, G = {ĝ s = e sd |s ∈ R 1 }, of a continuous symmetry of the DS:
where we used, e sd =1 + sd, that follows from the nilpotency property,d 2 = 0. Just as for any other symmetry, the eigenstates of the GTO of the same eigenvalue make up irreducible representations ofd-symmetry. In the eigenstates' basis, the exterior derivative has the following form:
with the Jordan blocks corresponding to the twodimensional non-d-symmetric bosonic-fermionic (BF) 6 pairs (multiplets) and the diagonal zeros to the onedimensionald-symmetric singlets. Following Ref. [18] , we can now give the field theoretic representation to the theory. This is done by the formal introduction of the anticommuting fields called FadeevPopov ghosts instead of differentials χ i ≡ dx i ∧. In these notations, the wavefunctions in Eq.(2) become
andd = χ i ∂/∂x i . It is clear now thatd is a supersymmetry, i.e., a symmetry that mixes the commuting (x i 's) and the anticommuting (χ i 's) fields. The presence of this supersymmetry can be understood as follows. The exterior derivative is the algebraic representative of the concept of boundary. For example, it is the matter of the Stoke's theorem that relates the integration over the boundary of a chain to that over its interior:
, where ∂c k is the boundary of c k ∈ C k (X). Stoke's theorem can be used to show that d acts (up to a sign) on the so-called Poincaré duals of chains 7 as the boundary operator would have acted on the corresponding chains (see Fig.1c ). 5 The continuous-time version of the theory we have so far is the topological quantum mechanics that we discuss below. 6 In the high-energy physics language, the states with even and odd number or fermions (ghosts in our case, see below) are referred to as bosonic and fermionic states respectively. 7 One of the versions of Poincaré duality states that for any chain,
. The differential form c k is a delta-functional density on the chain, c k , with the differentials/ghosts in the transverse directions.
The unconditional presence of this supersymmetry in all natural DS's is an algebraic version of the statement that dynamics respects the concept of boundary. The latter is a very fundamental concept, which explains why all natural DS's must possess topological supersymmetry.
Allow us now to digress for a moment on the history of this supersymmetry. It was first introduced in the context of stochastic DS's by Parisi and Sourlas [13] who derived the most general stochastic quantization procedure for Langevin SDE's as compared to the already existing formalism at that time known as the Martin-Siggia-Rose procedure. [19] It was found that theories that emerge on the stochastic quantization of Langevin SDE's are (N=2) supersymmetric. Later, this supersymmetry was related to algebraic topology [18] and yet later identified as the gauge-fixing Betti-Route-Stora-Tuytin (BRST) symmetry [20] and topological supersymmetry (Q-symmetry) [21] -a unique possession of cohomological or Witten-type topological field theories (TFT's). [22] The Langevin SDE's, however, is not a sufficiently large class of DS's to identify chaos with the Q-symmetry breaking.
8 Thus, the generalization of the Parisi-Sourlas method to all SDE's was needed. At this, on the formal application of the Parisi-Sourlas method to other classes of SDE's, pseudo-Hermitian models show up (see, e.g., Refs. [23] and [24, 25] for Kramers equation and classical/conservative dynamics, respectively). Therefore, the generalization became possible only after the rigorous formulation of the pseudo-Hermitian quantum mechanics. [26] This generalization [14, 15] showed that the approximation-free stochastic quantization of any SDE leads to a pseudo-Hermitian model with a Q-symmetry, i.e., to a cohomological TFT. The simplest nontrivial member of this family of models is the topological quantum mechanics [21] that we consider next.
For continuous-time stochastic DS's, dynamics can be defined by the following SDE:
where F (x) ∈ T x X is the so called flow vector field from the tangent space of X, ξ's are parameters of the noise, e i a (x) are vielbeins so that the metric on X is g ij = e i a (x)e j a (x), and T is a parameter representing the intensity or temperature of the noise.
Using standard, approximation-free pathintegral methods, one can find that for Gaussian white noise, ξ a (t)ξ b (t ′ ) noise = δ ab δ(t − t ′ ), the GTO corresponding to the evolution (10) of duration t has the form of the finite-time evolution operator: [14] 
with the TFT (or generalized) Fokker-Planck (FP) Hamiltonian beingĤ
Here, (12) is actually an anticommutator.
The result (11) and (12) is very natural. In the deterministic limit, the FP Hamiltonian consists only of the Lie derivative, which by its definition is an infinitesimal pullback so that its exponentiation in Eq.(11) leads directly to a finite-time pullback. The stochastic noise, in its turn, introduces diffusion. As it should, the process of diffusion corresponds to the Laplace operator generalized to act on Ω(X), i.e., to the Laplace-Bertlami operator.
The FP Hamiltonian (12) isd-exact, i.e., it is of the form of a bi-graded commutator.
9 This is a unique feature of cohomological TFT's, for which the energy-momentum tensor (that reduces in case of (topological) quantum mechanics to the Hamiltonian only) is Q-exact. 10 This form of the Hamiltonian automatically suggests thatd is a symmetry of the model,
As a pseudo-Hermitian operator, the Hamiltonian together with its eigensystem has the following properties. [26] The eigenstates constitute a complete bi-orthogonal basis,Ĥ|α = E α |α , α|Ĥ = α|E α such that α|β ≡ Xᾱ (x)∧β(x) = δ αβ , and the resolution of unity on Ω(X) is1 Ω = α |α α|. The bras and kets non-trivially relate to each other:ᾱ = α ′ ( * α ′ ) * (η −1 ) α ′ α , with * being the Hodge conjugation andη βα = X ( * α(x)) * ∧ β(x), being the non-trivial metric on the Hilbert space. Now, if, say,Ĥ|θ = E θ |θ , E θ = 0 andd|θ = 0, then due to [Ĥ,d] = 0 we have a BF pair of eigenstaes (see the discussion of Eq. (9)) of the same eigenvalue: |θ andd|θ . The other possibility isd|θ = 0. In this case, |θ =d|θ ′ with |θ ′ =ĵ|θ /E θ , that follows from |θ =Ĥ|θ /E θ , H =dĵ +ĵd andd|θ = 0. Again, we have a BF pair of the same eigenvalue: |θ =d|θ ′ , |θ ′ . Thus, we arrived at yet another important consequence of thed-exact Hamiltonian: all eigenstates with non-zero eigenvalues are nond-symmetric BF pairs, while alld-symmetric eigenstates have zero eigenvalues.
The possible spectra of the FP Hamiltonian can be deduced from the spectral theorems for the GTO. [17] These theorems ensure that under some general conditions, the GTO's eigenvalue with the largest magnitude is real. The Laplace-Bertlami operator and the Lie derivative aredexact separately, on their own. 10 As we already mentioned, the pathintegral version ofd is Q, so that in the high-energy physics termsd-exact is Q-exact. 11 All the other eigenvalues can be either real or come in complex conjugate pairs known as Ruelle-Pollicott resonances (see Fig.1d ) as follows immediately from the fact thatĤ is a real operator.
In terms of the FP Hamiltonian spectra, this means that the ground state eigenvalue is real, Γ g = min n Γ n (see Fig.1f-h ).
12
The situation with positive Γ g in Fig.1f can be ruled out by the following argument that works, however, only for DS's with non-zero Euler characteristic of the phase space, Eu(X) = 0. Let us recall that Witten index
equals the partition function of the stochastic noise, 1 noise = 1, multiplied by Eu(X). [14, 15] 13 Due to the supersymmetric BF pairing of the non-d-symmetric states, only thed-symmetric states contribute into the Witten index. This means that if Eu(X) = 0, then at least Eu(X) d-symmetric states that all have zero eigenvalues must exist. This contradicts the situation in Fig.1f .
Among the two remaining forms of the FP spectrum in Figs. 1g and 1h, the one with negative Γ g corresponds to the spontaneously broken topological supersymmetry, when the ground state is non-d-symmetric. Let us recall now that the meaning of the partition function,
in the large time limit, t → ∞, and under certain conditions is the number of periodic solutions, [15] which grows exponentially when thed-symmetry is broken:
This is a unique feature of chaotic dynamics and the rate of the growth is related to the concept of (topological) entropy.
[27] Thus we just came to the conclusion that chaos must indeed be identified with the spontaneous breakdown ofd-symmetry. The chaotic long-range correlations can now be revealed by a standard field-theoretic procedure as it was done, e.g., in Sec. III.C of Ref. [14] a. The difficulties in the physical interpretation of the theory emanate from two facts. First, the ground state of a chaotic DS is not stationary/invariant in time, i.e., the ground state has non-zero eigenvalue. Second, the ground state is not a total probability density but a conditional probability density, i.e., it has a non-trivial ghost content.
14 This may look contradictory with the concept of thermodynamic equilibrium, which is based on the assumption that after infinitely long temporal evolution, any 12 In situations when one of the Ruelle-Pollicott resonances is the ground state, the so-called psuedo-time-reversal symmetry must also be spontaneously broken. Even though we do not consider these situations here, they may be realizable. 13 The unconditional (model-independent) existence of the representative of the partition function of the noise as one of the fundamental "expectation values" of the theory can be viewed as a sanity check for the theory.
14 In the higher-dimensional theories, this situation corresponds to the emergence of the gapless Fermi sea of ghosts (or rather of vacancies/holes for ghosts) that are called goldstinos in order to emphasize that their gaplessness is the result of the Goldstone theorem applied to a supersymmetry breaking.
DS is described by a stationary total probability density such as the Gibbs distribution, which must be associated with (one of) its ground state(s). Another concept, which the TFT picture of chaotic DS's may seem to contradict, is ergodicity. The later suggests that the average of some observable over the infinite time is the same as the average over the "invariant measure", i.e., a stationary total probability density as a ground state.
One way to get around this contradiction is to recall that just as in quantum mechanics, it is actually the bra-ket combination that must be expected to be the total probability density. That the bra-ket combination is indeed the differential form of top degree is true for all the eigenstates and not only for the ground state. Furthermore, let us now consider a vacuum expectation value (this corresponds to the physical limit of infinite temporal evolution t → ∞) of an observable, O(x), which is a function of x's only, at time moment t > t ′ > 0:
O(x)(t) = g|e
is the total probability density associated with the ground state. As is seen, the above expectation value does not depend on time, which can be interpreted as though P g (x) is stationary. Therefore, we can always think of P g (x) as of the invariant total probability density required for ergodic approach or for the thermodynamic equilibrium picture.
In the TFT picture of chaos, however, it is not the total probability density that represents the most important, low-energy dynamics in chaotic DS's. It is the dynamics of the gapless ghosts that carry the important information of the low-energy chaotic dynamics. In other words, the description of a chaotic DS must go beyond that in terms of the total probability density. 15 The situation is somewhat similar to quantum mechanics, in which the phase of the wavefunction and not its amplitude that separates quantum mechanics from a purely probabilistic description. Furthermore, it is the phase that actually determines the quantum properties of matter such as interference, diffraction etc.
The same problem can be addressed from yet another angle. Chaotic DS's can be looked upon as those out of their thermal equilibrium. They can not "thermalize" some of their variables, that in the deterministic limit and under certain conditions must correspond to the unstable directions with positive Lyapunov exponents. In those variables the ground state is not a "density" (has no ghosts/differentials). In order to make sense out of such a ground state, additional "external" knowledge is needed: something or someone must know with certainty the values of those variables at a given moment of time. The question is what or who is the bearer of this information?
The most likely answer to this question is the one that follows naturally from our previous discussion of the "braket" total probability density. This answer is that it is the bra of the ground state that knows the values of those variables. The bra, in turn, represents the infinite future of the DS. 16 In other words, it is the DS itself that knows these variables but it does so not at the moment of observation but in the infinite future. Putting it differently, the DS needs yet another infinite portion of time (on top of that temporal infinity that is needed to form the ket of the ground state) in order to thermalize those variables. This picture is one of the ways to understand the long-term non-Markovian memory of chaotic DS's about its infinite past, e.g., its initial conditions.
Another possible way to answer the above question is to believe that it is the external observer that knows with certainty the values of unthermalized variables of the chaotic DS at the moment of observation. In fact, the external observer is a central figure in several physical theories. In quantum theory, e.g., the concept of external observer is brought to its extreme: even the mere act of observation of a quantum system leads to a wavefunction change/collapse. This brings forth yet another question about the interpretation of the theory we are dealing with. What happens when an external observer learns a value of some of the variables of a DS? The conditional probability density interpretation of the wavefunctions suggests that if the observation does act nontrivially, it acts most likely on the ghost sector of the wavefunction.
In conclusion, the topological field theory of DS's is free of approximations and for this sole reason is technically solid. What this theory is still missing, however, is a firm interpretational basis. In this Letter, we made a few important steps toward the construction of such a basis. First, we physically justified the existence of the topological supersymmetry in all natural DS's by connecting it to the concept of boundary that must be respected by smooth dynamics. Second, we proposed that the physical meaning of the situation when the ground state of a chaotic DS is not a total but conditional probability density is the failure of the DS to thermalize some of its variables and, as a result, to reach thermodynamic equilibrium. We argued that the knowledge about these variables is carried by either the DS's itself but in the infinite future (the bra of the ground state) or by an external observer.
We believe that further work on the TFT of DS and, in particular, on the construction of its interpretational basis can be very insightful and probably even shed some additional light on the logical foundations of statistical physics, thermodynamics, and quantum mechanics. It is only after this work is done will it become possible to 16 In the pathintegral language, the bra of the ground state is the functional integral over all the trajectories connecting a given (zero) time and positive temporal infinity -the infinite future of the DS.
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